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Abstract 

We show that a solution of the type IIB supergravity representing 
D3-branes in the presence of a 2-form background has 16 supersymme- 
tries by explicitly constructing the transformation parameter of unbroken 
supersymmetry. This solution is dual to a noncommutative Yang-Mills 
theory in a certain limit. 
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1. Introduction 



The local supersymmetry in supergravities is directly connected to other local 
symmetries, such as the gauge symmetry and the general covariance as well as the 
local Lorentz symmetry, as can be seen in the commutator algebra of the transforma- 
tions. On the other hand, noncommutative theories can have supersymmetry while 
the Lorentz symmetry is broken by the presence of a constant 2-form background 
B^y. It is conjectured that a noncommutative super Yang-Mills theory with con- 
stant S23 has 16 supersymmetries [HI2|- Thus, it is interesting to see the relation 
between the supersymmetry and the local Lorentz symmetry in the supergravity, 
which is dual to the noncommutative field theory with the Lorentz symmetry intu- 
itively broken. 

In this paper we show that a solution of the type IIB supergravity representing 
D3-branes in the presence of non- vanishing £? i, -B23 backgrounds has 16 super- 
symmetries, although the Lorentz symmetry is broken on the world volume. This 
solution was obtained in ref. [3] by a Wick rotation from the Euclidean solution 
representing smeared bound states of D(— 1), Fl, Dl and D3 branes. It originally 
appeared in the context of the T-duality map [3], and was discussed as D-brane 
bound states E] . In order to study supersymmetry we use the Lorentzian solu- 
tion rather than the Euclidean one since it is not clear how to define supersymmetry 
in the Euclidean space. 

We substitute this solution into the supertransformations of the fermionic fields 
in the type IIB supergravity and obtain the conditions on the transformation pa- 
rameter of unbroken supersymmetry. The general form of the parameter satisfying 
these conditions contains an arbitrary constant spinor which has 16 independent 
components. Therefore, we find that 16 supersymmetries exist in four dimensions. 
This remains true even when we turn off B m or when we take the decoupling limit 
|3] . We will see that the parameter of unbroken supersymmetries explicitly depends 
on the scalar field r, the angles of the D-branes tilted in the 01 and 23 directions 
and the harmonic functions appearing in the metric. 

The number of supersymmetries may be partly explained by the isometry SO (6) 
= SU(4) of S 5 contained in the solution. The solution with vanishing 2-form back- 
ground has Af = 4 Poincare supersymmetry in four dimensions [7j, whose four- 
component spinor transformation parameters are independent of the four- dimensional 
coordinates x^. It also has the conformal supersymmetry with x M -dependent trans- 
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formation parameters. We will see that the solution with non-vanishing 2-form 
background has the same number of supersymmetries with ^-independent parame- 
ters, but the spinor transformation parameters satisfy a certain condition and have 
only two independent components. There is no conformal supersymmetry in this 
case. 

In refs. (HI IE| the D-brane effective action was obtained as a solution to the 
Hamilton- Jacob i equation for the type IIB supergravity compactified on S 5 . The 
ADM formalism for the 5-dimensional space-time was used by treating the radial 
coordinate r as time. Although only the bosonic part of the effective action has been 
studied, it brought about remarkable results to find new supergravity solutions. The 
effective action obtained there includes a broad family of super Yang-Mills theories 
by only assuming that 2-form fields are constant at the surface of constant radius 
r. The geometries dual to the field theories described by this effective action are 
not known in general. However, there are some known geometries which are dual to 
the field theories brought by the Hamilton- Jacobi formalism. The noncommutative 
Yang-Mills theory and the ordinary super Yang-Mills theory are solutions to the 
Hamilton- Jacobi equation. The dual geometry of the noncommutative Yang-Mills 
theory is a near horizon limit of a supergravity solution of N D3-branes in a non- 
vanishing B23 background. The dual geometry of the ordinary super Yang-Mills 
theory is obtained in the limit of vanishing B23 |l(Jj . 

To know more about the general super Yang-Mills theories which is derived 
as a solution to the Hamilton- Jacobi equation, and to look for the corresponding 
dual geometries, it is useful to consider the solution with a non-vanishing 2-form 
extended in the 01 and 23 directions and non-vanishing 0-forms, and to see how 
supersymmetries survive. It is also important to look at the correspondence between 
the symmetries of the supergravity and those of the field theory in the light of the 
AdS/CFT correspondence, as the maximal supersymmetric case shows that the local 
symmetries in the supergravity become the global symmetries of the field theory on 
the boundary [TTj . 

We write down the supertransformations of the type IIB supergravity in the 
string frame in Section 2, and give the explicit form of the solution with non- 
vanishing 2-form fields in Section 3. In Section 4 we substitute the solution into 
the supertransformations and find the parameter of unbroken supersymmetry. 



3 



2. Type IIB supergravity in ten dimensions 



The field content of the type IIB supergravity in ten dimensions IT2l IT3] is a viel- 
bein ejy/, a complex Rarita-Schwinger field ipM, a real fourth-rank antisymmetric 
tensor field Dmnpq with a self-dual field strength, two real second-rank antisym- 
metric tensor fields B MN , Cmn, a complex spinor field A and a complex scalar 
field r = x + We use the string frame rather than the Einstein frame. In 

the string terminology x, Cmn and D MNP q are 0, 2, 4-form fields in the R-R sec- 
tor, while Bmn and <fi are a 2- form field and a dilaton in the NS-NS sector. We 
denote ten-dimensional world indices as M, N, ■ • ■ = 0, 1, • • • , 9 and local Lorentz 
indices as A, B, ■ ■ ■ = 0, 1, • • • , 9. The fermionic fields satisfy chirality conditions 
Tiod^m = —ipM, f 10£) A = A, where T 10D = r°r 1 • • ■ T 9 is the ten-dimensional chi- 
rality matrix. We choose the ten-dimensional gamma matrices T A to have real com- 
ponents. The gamma matrices with the world indices are denoted as T M = T A eA M ■ 

The local supersymmetry transformations of the fermionic fields in the string 
frame can be obtained from those in the Einstein frame ^21 El and are given by 

«*A = -e** (f M e*P M + ±e*t MNP eg MNP ) , 

kSiJjm = 9 M + ~ (uj m AB F A b + ^d N (f}T N M ^) - \iQ 



1 V" ' 2 — ~ "7 2 ^ 

{^m npq Q npq - 9f p Qg MPQ 

9o v 

where k is the gravitational coupling constant and 

Pm = — d M r, 

2 1 — IT 

Qm = C—^d M T + \±%d M r> 

4 \ 1 — IT 1 + IT* 

/ \ _|_ 27-* \ 2 

Qmnp = i ( j- _ — J (F MNP + r H MNP ) , 
Fmnpqr = Fmnpqr + 10C[mnHpqr]- (2) 
The field strengths are defined as 

Fmnpqr = 59[mDnpqr]i Fmnp — 39[mCjvp], H mnp = 38[mBnp}- (3) 
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The 5-form field strength Fmnpqr must satisfy the self-duality condition *Fm 1 -m 5 = 
Fmi—Ms- The transformation parameter e is a complex spinor satisfying the chirality 
condition Tiodc = The unusual term proportional to 0n4> in SipM is due to the 
use of the string frame. 

For later convenience, we redefine the transformation parameter as 

It is easy to show that in terms of e the derivative term in 5tpM looks simpler 

i 

[d M - ^Qm) e = (y^r) 4 + ^e%x) e. (5) 



3. The solution with non-vanishing 2-form fields 



The noncommutative super Yang-Mills theory is described by a solution of the 
type IIB supergravity with non- vanishing B MN field [3] in the Seiberg-Witten limit 
PQ. Before taking the limit the solution has the metric 



ds 2 

string 



G mn<Ix m dx N 

r l/2 ti [-(d X y + (dx 1 ) 2 } + r l/2 h [(dx 2 ) 2 + (dx 3 y 

+f 1/2 5 ij dx l dx j , 



(6) 



where 



/ = 1 + 



r = 5ijX l x 3 



h- 1 = sin 2 Of' 1 + cos 2 9, h'- 1 = - sinh 2 & f~ x + cosh 2 9'. 



(7) 



The radius R is given by R 4 = An gN (cos 9 cosh 9')~ 1 . We have decomposed the 
world indices as M = (fi,i) (// = 0,1,2,3; i = 4,5, •••,9). Other non-vanishing 
fields are 

e 2( t> = g 2 hti, x = -9~ l sin 9 sinh 9'f' 1 , 
B 01 = tanh & f~ x ti , B 23 = tan 9f- l h, 
Cqi = g~ l sin 9 cosh 9'tif- 1 , C 23 = -g~ x cos 9 sinh 0V -1 , 
D0123 = cT 1 cos cosh 9'htif- 1 (8) 
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and Dijki determined from the above -D0123 by the self-duality condition of Fmnpqr- 
The constants 9 and & parametrize the asymptotic values of B^z and B i for r —>■ 00. 
The existence of non- vanishing x, -B01 an d C01 means that D(— 1), Fl and Dl branes 
enter into the bound state. 

We also need the spin connection ujm AB for the metric From the torsionless 
condition 9[MeAr] A + ^[M^ejvjB = the non- vanishing components are obtained as 

u^ 1 = -- (l + 2sinh 2 07- 1 /i') h'y-ldif5 lI 5; (for /x = 0, 1), 
< J = -i (l - 2 sin 2 fl/" 1 /^ hif-ldJS u 5- (for ^ = 2, 3), 

<v j = -\r%ssPsp> (9) 

where we have decomposed the local Lorentz indices as A = (a, I) (a = 0,1,2,3; 
/ = 4, 5, • • ■ , 9). For later convenience, we define T r = ^-T l as the gamma matrix 
for the radial (r) direction. 



4. Supersymmetry with non-vanishing 2-form fields 

The final task is to substitute the solution (JSj), (jHJ) into the supersymmetry trans- 
formations (JTJ and obtain the conditions on the transformation parameter e for 
unbroken supersymmetry. Since the fields in eqs. (JHJ), (JHJ) depend only on the radial 
coordinate r, some expressions in the supertransformations become simpler. For 
example, we obtain 

1 

G ^ = 1 (t^tt) 2 {drCllv + TdrB ^ ( 10 ) 

and other components of Qmnp vanish. Only the M = r components of Pm, Qm 
are non-vanishing. The vanishing of the supertransformation of A in eq. (JTJ then 
requires 

e* = -\e*g, vr t^e{P r y 1 . (11) 

o 

Substituting (JHJ) we obtain more explicit condition 

e* = f sin Qhh + isinhO'ti^) 1 {hh cos6T 0123 - ih'^ coshtf') r 01 e. (12) 
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We then consider the condition from S^/jm = 0. By using the self-duality of 
Fmx-Ms an d the chirality condition of e we find that the 5-form field strength term 
in SipM becomes 

■^FnpqrsF NPQRS £ ' mI = 2F i23rf 0123 f r f A /e, (13) 
where Foi23r = <9r-Doi23 + Coid r B 2 3 + C^c^-Boi- The Q terms are simplified as 

c /om vair> i m->m/-> \ c j-l l-L-Xn T0123 , oi,/-V \ -pOl-p r 



- {sv^g vpi - isr^J = -— /* (/i-^ 23r r 01 ^ + 3h'- l g ir) r ul ry (u) 



for \i = 0, 1, 



|g (3f/^^ - 18f = -|g/3 (h'^Goir + S/i-^ss.r 0123 ) r 01 f/ (15) 



for fi = 2, 3, and 



-- (sf/^ - 9f^) = -~f^ (/» ,_1 &ir + /r^r 0138 ) r 01 (ry - 3^ 

(16) 

for i = 4, • ■ • , 9. Note that the summations of z/, p on the left-hand sides run to 3. 

We use these formulae and substitute eq. (fTTJl into e* in SipM- For fi = 0, • • • , 3 
the spin connection term and the dj(p term cancel with the real part of the 3-form 
terms in eqs. (JHJ), ()15j) . whereas the 5-form term cancels with the imaginary part 
of the 3-form terms. Thus, we find a simple result 

uSipfj, = <9 M e. (17) 

Therefore, StJj^ = requires that the transformation parameter e is independent of 

Substituting eqs. (JTTJ), (JT3J), (JTSJl into eq. (0) the supertransformation of the 
Rarita-Schwinger field for i — 4, • • • , 9 becomes 



8 r 



x 



2(/i/ i ')- 1 r 0123 ^ 01 ^ 23r + h'~ 2 g^ r - h- 2 a 



23r 
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There are four kinds of gamma matrix structures on the right-hand side: IV, 
iyT 3 , 5j and ^r 0123 . The terms with the first two structures are shown to 
vanish. The remaining terms are 



1 + ir* 

1 — IT 



4 nth = d i i+ % -sinesm\ie'{hh') 1 / 2 f- 2 d i fi 



+ — (h cos 2 e + h' cosh 2 e')r x dif~e 

16 

+ ~ cos e cosh e'ihh'Y^f-'djT 0123 ^ 



(19) 



The functions on the right-hand side can be written as total derivatives 

i ■ n • i mi 1.1 /m/2 r-2 o r U, h n/2 sinh 0' - ih 1/2 sin 
jsmOsmh^') 1 ' 2 / ^g ^^ + ^smfl - 
^t/! cos 2 9 + h' cosh 2 S'lr'a/ = -4* log(AAT 2 ). 
16 16 

i „ , „,,,,,,,;,, ,„ , z^, h' 1 / 2 cosh 0' + /i 1 / 2 cos e , . 

= Z ^v^^vw (20) 

It is easy to see that the condition Sipi = determines the transformation parameter 



as 



(hh'f 



1 — IT 

h' 1 ' 2 sinh0' -ih 1 ' 2 sin i 



/1V2 sinh 0' + ih 1 / 2 sin 



h' 1 ' 2 coshe' - ih 1 ' 2 cos^r 0123 

/i'Va coshfl' + ift 1 ^ cos6T 0123 



eo, (21) 



where eo is an arbitrary constant spinor. Substituting eq. (}2"T]) into the condition 
(fT2|) we find 

r 01 e . (22) 



tn 



Eq. (}2"T|) with a constant eo satisfying the condition (}2"2"|) is our final result on the 
parameter of unbroken supersymmetry. From eq. (|22j) half of the 32 supersymmetries 
are preserved. Thus, we have 16 supersymmetries in four dimensions for the solution 
with two non-vanishing components of the 2-form fields. Taking & = it goes back 
to the solution for one non- vanishing component, and further taking the decoupling 
limit r — > with some parameters kept constant, it becomes AdSs x S 5 in the 
near horizon limit [3 . These particular cases also have 16 supersymmetries in four 
dimensions. 
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This result should be compared with the one in the case of vanishing Bmn 
(0 = 9' = 0). In this case the 5X = condition is automatically satisfied and one 
does not obtain eq. fTTf . which relates e* to e. The unbroken supersymmetries are 16 
x^-independent e satisfying ir 0123 e = e and 16 x^-dependent e satisfying zr 0123 e = — e 
|14j . The former 16 correspond to Poincare supersymmetry in the four-dimensional 
view point, while the latter 16 correspond to conformal supersymmetry. 
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